Introduction
In this paper, we study rational maps of the extended complex plane, and the question of their ergodicity. The set of all rational maps of degree d is a complex manifold of complex dimension 2^+1, and hence admits a natural Lebesgue measure class, as does any submanifold. We show that, in complex submanifolds of rational maps containing at least one map with the forward orbit of each critical point finite and containing an expanding periodic point, and satisfying a simple non-degeneracy condition, the set of maps, which are ergodic with respect to Lebesgue measure on C U { oo}, has positive Lebesgue measure. In particular, a positive measure subset of all rational maps of degree d consists of ergodic maps. In contrast, there is a conjecture that the set of maps with zero measure Julia set is open and dense. It will also be clear from the estimates that the positive measure set of ergodic maps which is constructed, consists, in some suitable measure theoretic sense, of expanding maps. This paper grew, in part, out of an unsubstantiated remark in the first version of the introduction of [R] concerning rational maps with positive exponents. The result obtained in this paper has a resemblance to Jakobson's Theorem [J] for the l-(real)-parameter family /^(x)=^x(l -x)(Xe [0, 4] ) of maps of [0, 1] : that for a positive measure set of X, f^ has an absolutely continuous invariant measure, and is ergodic. Fundamentally, the idea of the present proof is the same, although the details are different. (One-dimensional arguments cannot be used.) The proof can be modified to prove Jakobson's Theorem for a larger class of real polynomial maps.
One reason for understanding how maps of an interval-or analytic maps of the plane-can be ergodic, is that it seems to be relevant to the problem of constructing volume-preserving diffeomorphisms with positive exponents. It would possibly be helpful if it turned out that complex analysis theorems would be used to construct analytic examples. Unfortunately, in the present paper, only Montel's Theorem is used-and only once. However, complex analysis theorems have been used to prove related results. Sullivan used the measurable Riemann Mapping Theorem to prove conservativity of maps with Julia set equal to S 2^] . Also, Herman ([HI] , [H2] ) has a formula, using the Divergence Theorem, for bounding below exponents in certain examples.
I am heavily indebted to J. C. Yoccoz of this paper who clarified many of the ideas, and entirely reorganized and rewrote most of the paper in an intelligible form. He also introduced ideas such as the use of Schwarz's Lemma, standard univalent function theory, and the method of estimating quantities by realizing them as coefficients in the power series of an analytic function (in 7.1). Many of the proofs-most notably the fundamental estimates of section 5, and 7.1 -are his, verbatim.
1.2. PRECISE FORMULATION OF THE RESULTS. -Let / be a rational map such that the orbit of each critical point is finite but no critical point is periodic. Then any periodic point is expanding. This was proved by Thurston by producing a hyperbolic structure on S 2 with ramification points at the critical point forward orbits. Another argument is the following. If/"(zo)=Zo and [(/"/(^l = ^ ^d <P denotes the local inverse of/" mapping /" (zo) to ZQ, then {(p^ : k ^ 1} form a normal family on a neighbourhood of /"(zo) (because critical point forward orbits are finite). [((p^V +^0 because [(/^'(zo) 
fc : fe^l} is a normal family in a neighbourhood of ZQ, which must therefore be the centre of a Siegel disc. This is impossible because the critical point forward orbits are finite. The possibility that | (/"/ (zo) | < 1 is ruled out for the same reason, together with the fact that no critical point is periodic.
Thus, such a map has Julia set equal to S 2 . This is because there are no wandering domains in the complement of the Julia set -which was proved by Fatou in this case [F] and by Sullivan in general [S2] . It also follows from the fact that the map is expanding with respect to Thurston's hyperbolic metric. Now let { f^: K e A} be an analytic family of rational maps of degree d, where for some ^o 6^? Ao ^a s a^ ^^^ points non-periodic, but critical point forward orbits finite. Let x,.(?i) be the critical points of f^ counted with multiplicity, 1 ^f^2d-2==mo. Write /,(^, z)=/^(z), and suppose /^.(^o» x i(^o)) ls periodic with period s^.
The non-degeneracy condition. -DF, (^0)7^0 for ^f^mo, where
Note that DF^(^o) exists even though x^ may not be differentiable at ^o. Write Yi W =/r, (^ x i W\ ^d let z, (k) be the periodic point of period s, with y\(ko)=Zi(kQ). Then y^ z, are both differentiable functions. Then one sees that:
so that DF,(?io) ^0 if and only if (D/m) (^,-z,) (\)) ^0. Any rational map near {/^:|X|>1/2} can be written in the form
for some ^ where p, q are polynomials of degreê d-1. The critical points of /" are 2,0, and A(2)=0, /JO) =00, /Joo)=X.
, which is, in fact, always true if ^=1 and ^ 1. To apply Theorem A we need to show: tangent v at ^o-The non-degeneracy condition at ^o is satisfied for the family Ay if and only if DF, (ko) v 1=-0. This is true for almost all v if DF,.(^o)^0. So Theorem A for 1-dimensional families and Fubinfs Theorem imply Theorem A. For it is easy to see that the set of ^ for which f^ is ergodic is measurable (using the criterion for ergodicity given by Hopfs Theorem, for example.) By changing coordinates we may assumê o=OeC.
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M. REES 2.2. Replacing/,, by/;;, we may assume the z^.(^) sire fixed expanding points, and that y\== 1 or 2 for all f. (Of course, this procedure will increase the number mo.) For clearly /^ is ergodic if /^ is, and if y is an invariant measure for /^ which is equivalent to Lebesgue, then so is (/0*Y, and (/J*y=y by ergodicity of/;. So y is an invariant measure for /^.
Elementary Estimates
We now show that, for ^ near X,o, we have certain estimates on /^. C4 is an analogue of 3.1.4 for fo [using (2)].
It is important that all constants in all future estimates do not depend on HQ (provided it is big enough).
3.3. Recall from the statement of Theorem A that the 1-parameter family {A : |^| < r {o} m^ ^ve critical points x,(K) off^ emerging from critical points of/o of higher order. Thus, it may not be possible to bound below the distance between the critical points of f^. The following lemma describes the behaviour of the derivative of /", and of f [, /7 1 , f^ for small r, near the critical points.
Then for some C\ depending only u, A, B :
and if T is a multivalued inverse of F defined on a ball of radius r with connected image,
Proof. -Let |z| <B and suppose, for example, that z^ is the critical point of F nearest to z. Then, with z,=(l -t)z-}-tz^ O^r^l, we have, as |z^-zJ ^2 ZQ-Z; for 2<i<u:
which gives the estimate on IF^Z)]. Since T / (F(z))=(F / (z)) -l , we have |Tw| ^Cl(Min|w-F(z,)|)-"/ u+l for weImT. If we take any straight line joining i points on the boundary of ImT, then its image can be replaced by a path I with the same endpoints, in the same homotopy class relative to the points F(z^.), of length ^O(r), and with length ^0(r|) within T| of any F(z,). T(I) then has the same endpoints as Note. -It will be convenient to assume C^Co.
Inverses
4.1. GENERAL DEFINITION. -Given £>0, an inverse is determined by a sequence to. . . ^ of points such that r^ =/^) : it is the multivalued inverse of/; with connected image defined on the ball with centre t^ radius e, which takes ^ as a value at t^. Also, if B^(OCUL\VL and m^n 2^ then /f(^,)^B2e(0 tor 7?^no because /f(^)eU for/?^2no. So S is univalued on B^J^) and by Schwarz's Lemma 4.5. From now on, assume that if 'k\ ^r|o then /" satisfies C1-C4 and /o has all critical points non-periodic, but with finite forward orbits, and that the non-degeneracy condition is satisfied (although this is only needed for Theorem C). Now Theorem A can be replaced by Theorems B and C. 
2 )((n-feO-(n-^))/(l-oc), and n-fe2^a(l+a l/2 )(n-fel)/(l+a 3/2 )^2a(n-fel).
So now, if [fe,, fc^.+L,] (1 ^i^r) are all the followers for S satisfying 1-3 with fc,<^+i, then since n-^^1, (r-l)log(2a l / 2 )+n^0, and r^ 1 +2(logn)/log(l/2a).
4° SERIE -TOME 19 -1986 -N° 3 ERGODIC RATIONAL MAPS 391 Let T, be the inverse determined by t^. . .^+,., mapping a neighbourhood of some Zj(k)e\j to a neighbourhood of ^.(^)eX. Then we can write S=S()TI. . .T,S, (with possibly So or S^= identity). We may have to consider some Sp T, to be defined on balls of radii £o, but with this modification the composition S()TI. . .S^ is well-defined onB^(r,)by4.2,4.3.
Fundamental estimates for inverses
In this section, the estimates work provided a is small enough and rio is large enough. Let |^|^r|o and ^ be (m, f, a) good for m^n and f^mo.
There is a^>0 so that if S is a critical inverse of length n^qo determined by IQ. . .t^ and radius e^, then ImS is contained in the ball radius e'"
2 ' 1^ round to.
This follows from 4.2 if n<n^. Now let n ^ n^. Let J be the union in [0, n] of followers of length ^ no. Write
For 1 ^i^k, let J^ be the union of [c,., 
By construction (4.6.3) ^+ 1 is not contained in any follower (for 1 ^f<m, and f=m if<^n).
If to. . .?" is the sequence associated to S (with to a critical point) denote by S^ the inverse associated to the subsequence to,. . ., ^p by 831 -1 (1 < i < m) the inverse associated to ^-i+i. • •-^cp by S^i(\^i^m) the inverse associated to t^'. . ., ^;.'+i, and, if d^n, by 82^+1 the inverse associated to ^"+i» -' '^ t n' So S=Si. . .S^+i (perhaps with S^+i= id). For l^f<m (and f=m if d^^n)S^i is a univalued function on the disc of radius £o centred at ^;.'+i (because d^ -\-1 does not belong to any follower), with values in the disc of radius £o/2 centred at t^\ By Schwarz's Lemma, a disc of radius '£<£o centred at ;.'+i has its image by S^ i contained in the disc of radius e/2 centred at ^;'. For 1 ^i^m, if we take the domain of S^ »-i to be B^(^;.'), then since c^ is the starting point of a follower and c^ -1 is not in a follower, r^.' is near a critical point in X and If ^=n, the image by 82^ of the £o-ball centred at ^ is contained in the Si/2-ball centred at t^. If d^n, the image by S^+i of the £o-ball centred at ^ is contained in the ball centred at t^+i and radius e^exp (-flinj where n^= length (82^+1).
One concludes that the image by §1 82. .. 82^+1 of B^(^) is contained in the ball (-a^(n-k) )s^ by the inductive hypothesis, since n -k ^ q^ and | S'J ^ exp (-a^ k) by 4.2.
3. If S=Si S^ 83 where length S^ ^/?o, length 82^(1/2) n and 82 is a follower, then the image of 83 is contained in the £o-ball which is the domain of the critical inverse associated to 82. 8o 11118283 is contained in the ball radius e round ^ with e= £oexp(-l/2a2n), if k= length 8p We can also have 82 so that 8^= identify or B^(^)CX, since ^ is near a critical point. 8o |8'i|^Co and Im8 is contained in the ball radius Co^o ^(-(V^) a^n) round to. Since n^n^ we can assume this iŝ £1 exp (-03 n) for suitable 03 and no large enough.
4. If none of the above is possible then we can write 8=8^ 82 83 where length 8^ ^po, 82 is a maximal follower and n^-qo-po^eng^ S^<(n/2).
Let m= length 82, t^ . . . t^+ni ^e sequence corresponding to 82. Put m^jamj+l, and let 83 be the inverse corresponding to ^+^_^,, . . .^. By the inductive hypothesis, 111183 is contained in the ball of radius Elexp-^Oi-fe-m+m'). As 82 is maximal and \ is (N, f, a)~good, from 4.7 any follower containing fc+m+1 has left end point >fe+m-m / .
Let 84, 85 be the general inverses with corresponding sequences 4, . . .t^+ni-^ and fk+m-m" • ^k+m+i respectively. There is b^ such that lAl^exp^). Then the image by 85 of the £i-ball Bo centred at t^+^+i contains the ball B^ centred at t,,+^-^ of radius (£1 exp-^ (^ + 1)). 8o the restriction of 84 to B^ is univalued. By the estimate for critical inverses, the image of Bo by the inverse corresponding to ^, . . .^+^+1 is contained in the ball of centre t^ radius £oexp(-a2m), hence this is also the case for the image of B^ by 84. By 8chwarz's Lemma, we obtain that the image of the e^-ball e SERIE -TOME 19 -1986 -N° 3 ERGODIC RATIONAL MAPS 393 centred at ^ by 83 83 = 84 83 is contained in the ball centred at ^ of radius
GQexp(-a^m)
. ,, ,.
[provided a is small enough to have b^^m' + l)<a3(n-(fe+m-m'))].
If we had 0<fl3<fl2-^2 a (^d therefore a small enough) and no big enough, we get the desired estimates (as 1811 <Co). 8 is then of the forms T § with length T^2 and we want to estimate the variation of Log | T on the image 6 by § of B^ (rj. of the £i ball centred at ^ is contained in the ball centred at t^-k' of radius £1 exp (-^3 (n-fe -t-fe')) (provided HQ is big enough). Now one has:
3. There is a constant
if a is small enough. Using the distortion theorem we get: . We know that | T | varies by a bounded proportion on a set of points in B which are distance 0 (8) from all F(z^) (since this set is contained in a union of larger balls on each of which T is univalued), in particular on a neighbourhood of the boundary of B of width 0(8).
Let e be the diameter of ImT. Let F(Z())=W, F(zo)=w / . We first consider IF^ZO^/IF^ZO)! for ZQ at a distance 0(e) from the boundary of ImT. In fact, we shall see that this is sufficient.
(A) Let z, z' e ImT. Let \y-z'\ be ^0(\z-z'\) for any ye¥~1 F(z)nimT. Then
\¥(z)-¥(z / }^0(\^(z)\\z-z-\\
For let I be a connected path with one endpoint at z' and mapping onto the straight line segment between F(z) and F(z'). Then the endpoints of I are ^0(\z-z'\) apart,
for Ji all f, and this is true on a segment of I of length ^ 0 (| z-z' |), giving (A).
Thus in particular: (B) if z'eImT is at a distance 0 (s) from 8 ImT, then
w € 8B w 6 B
This proves 2. If there is no z^eImT distance 0(e) from the boundary then | F' (zo) I/IF' (z'o) | is automatically bounded.
If there is at least one z, in Im T, let z^ be nearest to ZQ. If some ZQ in ImTHF'^Zo) has l^o-^il^Izo-2 !! then IF^ZO^I^O^F^ZO) |) and we replace ZQ by z'o. We can then still assume ZQ is at a distance 0(e) from 8 ImT. Now |zo-zJ^O (|zo-z,|) for all z, (not just z, in ImT). We may also assume ZQ is the nearest element in F~1 F(Z()) 0 ImT to z^, since F(zo) is at a distance 0(8) from all F(z,), and hence IF^Z^I/IF^Z)! is bounded above and below for z e F ~1 F (zo). This gives: 
(using that F'(zo) | is proportional to the maximum of | F'(z) | on the line segment from ZQ to z^ for the denominator)
Thus, a set of points at a distance 0 (8) from <9B in B has image under T at a distance 0 (e) from 0 Im T, so the proof is completed. Then
(by 6.1) where, for some p, X^== {z: Min|z-z,|<p} and meas (X2)=meas(Xi);
But p 2 = Const. meas(Xi)^ Const. E,_l8?(meas(X)) (l+u)-^+l .
Then since 8= Const. | T\ (zo) 18^ we obtain the result.
6.3. PROPOSITION. -Let l^l^rio and let 'k be (m, i, a)-good for m^n, f^mo. L^r X, " fo^ ?/i^ union of all Im S m?/i S of length n and such that in the canonical decomposition S=S()TI. . .S,., r>5. T^n meas (X, ") < r|, w^r^ T|, fs independent of n and, TI^^O as proving uniform absolute continuity. n So then any weak limit of (l/(n+l)) ^ (/%^ is an invariant measure absolutely Letting £ -> 0, there is at least one ball B of radius e^ which is contained a. e. in A. We can also take B to have non-null intersection with the Julia set of/^-for the positive measure A can be reduced if necessary (but keeping the property A (A) cA) so that it does not contain any ball radius e^ not intersecting the Julia set. So /;(B)=C for some N, by the expanding property of the Julia set. So ?i(C-A)=0 and X is ergodic. By ergodicity, we obtain that any invariant measure absolutely continuous with respect to ^ is unique (up to a scalar), and equivalent to ^.
Proof of theorem C
The following proposition is the key idea in the proof of Theorem C. As mentioned before, the idea of using the power series of an analytic function is due to the referee. Note. -Later we shall need to apply this with follower length ^(l/4)no» which is easily deduced by changing variable names. We use UQ here for easier writing.
Proof. -(a) Let S be an inverse of length N. Let c\. . . c^ be the starting points of followers of S of length ^ MQ. Put c, = c\ -1 or c\ depending on whether there exists a follower starting at c\ -\ or not. Reindex to have no repetitions amongst the c, so that Ci < . . . Cy Let d\ be the biggest integer contained in a follower starting at c; or c\-+ 1: if rff^Cf+i (respectively ^=N) put ^==c,+i (respectively rfs=N); if d\<c^^ and there is a maximal follower (of length <no) starting in [c,, d\} By (i)-(iii) there are ^m^dnQ possibilities for each U;. We can also assume domain (V,_i) is the ball radius £^ round the starting point of Up i^s, so there are Wo(^+l) possibilities for domain (V\._i). V,._i is univalued on this ball, so we have, by the distortion theorem
We can also assume domain (VJ is one of a finite number of balls B(Wp 2ei) by taking a finite cover of S 2 by balls B(n\., 81); every ball of radius e^ will then be in some B(w^ 2£i). So for fixed 5, u^ v^ we obtain a bound for the measure of the union of all possible ImVoUi. . .L^ of the form (KnQ) s exp(-2a^^u^) for some constant K.
(c) So to prove the proposition, it is sufficient to show that
The last sum is less than the coefficient of
We have (as a formal series)
For no big enough, this function is holomorphic and bounded for | X | ^ exp (-03 a), |Y |^exp(-fl3a); hence the coefficient of x^Y'^1"'' is less than K'exp (03 a N). So the triple summation is bounded bŷ (-a^^ 
where B = (n (W -1 n ^ (^) t (X) 4-(jLi (X))" r (^).
So |^/^||B| 1 is bounded above and below. 1^(^)1 is bounded for |^|^r|o, and we have seen that (n^))"^) is too, for |^|^r|o, n^N,. Then f (k) is near ^(0), and since ^, () DEFINITION. -Let CN iW be the connected component of (g i^)~l (B(g^('k) ^/4) which contains X,. From now on, choose o^ such that with a = oco, the estimates of paragraph 5 work. o each point in the ball radius 3si/4 round g^(X) must be g^(\i) for exactly one ŵ ith ^(n) eG (B) . So ^ ^s a univalued inverse on B^M, £i/4) and 7. 5. Continue to assume ^ is (n, f, ao)-good for n^N, i^m^. Now fix f, and (unless N ^ N^, when there are no conditions) assume that n e CN, i (^) satisfies:
I. ^Nd-1 ) 6 ! 111^ tor S an inverse of length [bN] for ^, where S is (n, f, ao/4, Uo/2)-good for (ao/4) N^n^fcN, that is, at most (oco/4)n integers are contained is followers for Sô f length '^no/2 if Si is determined by to, . . . ^ and S by ^o. . . ^N]Î I. B(^N(|^)» ^"^CI^B^N^)? 6i/4), where a^ is a fixed positive number <^3 fc/10 mo. (Actually, condition II is not needed yet, but it seems best to give both conditions together.)
